Abstract. We present a practical algorithm to determine the minimal genus of non-orientable spanning surfaces for 2-bridge knots, called the crosscap numbers. We will exhibit a table of crosscap numbers of 2-bridge knots up to 12 crossings (all 362 of them).
Introduction
For a knot K in the 3-sphere S 3 , there is a connected compact embedded surface F in S 3 whose boundary is K. In particular, F can be chosen to be orientable, and then it is called a Seifert surface for K. The genus g(K) of K is the minimal number of genera of all Seifert surfaces for K. Thus the unknot is the only knot of genus zero.
On the other hand, we can choose the above F to be non-orientable, for example, by adding a half-twisted band to a Seifert surface. In this paper, such F is referred to as a non-orientable spanning surface for K. We define the crosscap number γ(K) of a non-trivial knot K as the minimal number of the first betti numbers β 1 of all nonorientable spanning surfaces for K, and set γ(unknot) = 0 for convenience. We call γ(K) the crosscap number because it counts the number of 'crosscap summands' in the closed surface obtained by capping off a non-orientable spanning surface with a disk, which is well known to be a connected sum of projective planes. In the literature, a crosscap number is also called a non-orientable genus [9] . For a nontrivial knot K, if a non-orientable spanning surface F satisfies β 1 (F ) = γ(K), then F is called a minimal genus non-orientable spanning surface for K.
In general, it is very hard to determine the crosscap number for a given knot. Any minimal genus Seifert surface becomes a non-orientable spanning surface for the same knot if we attach a small half-twisted band as above, and hence we have an obvious inequality γ(K) ≤ 2g(K) + 1. There are only a few results about crosscap numbers of knots. Clark [4] introduced the notion of crosscap number and pointed out that γ(K) = 1 if and only if K is a 2-cabled knot. He also asked the existence of a knot satisfying the equality γ(K) = 2g(K) + 1, and Murakami and Yasuhara [8] came up with the first example, showing γ(7 4 ) = 3 algebraically. In [11] , the crosscap numbers of torus knots are completely determined.
The purpose of this paper is to determine the crosscap numbers of 2-bridge knots, which form a special but important class of knots. For 2-bridge knots, Hatcher and Thurston [7] constructed all incompressible, boundary-incompressible orientable or non-orientable spanning surfaces. However, for the 2-bridge knot 7 4 , a minimal genus non-orientable spanning surface can be realized only by a boundary-compressible surface. Then Bessho [1] proved that any incompressible, boundary-compressible spanning surface for a 2-bridge knot becomes an incompressible, boundary-incompressible surface after several boundary-compressions. Therefore, theoretically, we can obtain γ(K) as follows:
For a 2-bridge knot K, generate all incompressible, boundary-incompressible spanning surfaces according to [7] . Let n be the minimal first betti number of them. Then if n is realized by a non-orientable spanning surface, then γ(K) = n, and otherwise γ(K) = n + 1. Here, n equals the minimal length of all continued fraction expansions for K. However, an effective algorithm to determine n was missing, and one could not tell, for example, for which 2-bridge knots, the equality γ(K) = 2g(K) + 1 holds.
In the following, we present a practical algorithm to find a shortest continued fraction expansion for all rational numbers representing a 2-bridge knot K. This enables us to determine the crosscap number from any continued fraction expansion for K. The main tool is so-called the modular diagram, whose vertices correspond to rational numbers, on which we introduce the notion of depth. In Section 6, we exhibit a table of crosscap numbers of 2-bridge knots up to 12 crossings (all 362 of them).
Statement of results
Let K be a 2-bridge knot S(q, p) in Schubert's notation. Here, p and q are coprime integers, and q is odd. As is well-known, S(q, p) and S(q ′ , p ′ ) are equivalent if and only if q ′ = q and p ′ ≡ p ±1 (mod q), and S(q, −p) gives the mirror image of S(q, p).
Consider a subtractive continued fraction expansion of p/q (see [7] )
. . . − 1 b n where r, b i ∈ Z and b i = 0. The length of this expansion is n. Then K is the boundary of the surface obtained by plumbing n bands in a row, the ith band having b i half-twists (right-handed if b i > 0 and left-handed if b i < 0). If some b i is odd, then the expansion is said to be of odd type. Otherwise, it is of even type. Any fraction has expansions of odd type and even type, e.g., 1/3 = 1 − 2/3 = 1 + [−2, −2] = 1 + [−1, 2]. In this paper, an expansion always means a subtractive one. We remark the following equality:
n−1 a n ] = r + 1
The crosscap number of a 2-bridge knot K can be described in terms of the length of expansion corresponding to K. The first theorem is due to Bessho, but we will give its proof for reader's convenience in Section 3.
Theorem 2.1 (Bessho [1] ). Let K be a 2-bridge knot.
(1) The crosscap number γ(K) equals the minimal length of all expansions of odd type of all fractions corresponding to K. (2) If a minimal genus non-orientable spanning surface F for K is boundarycompressible, then F is obtained from a minimal genus Seifert surface for K by attaching a Möbius band as in Figure 1 . We present a practical algorithm to obtain a shortest expansion from any one of p/q.
. . , b n ] be an expansion obtained from an arbitrary expansion of p/q by fully reducing the length by a repetition of the following three reductions. Then n is the minimal length of all expansions of p/q.
(1) Removal of coefficient 0.
(2) Removal of coefficient ε = ±1.
[. . . , a, ε, b, . ].
In Theorem 2.2, we fix a fraction p/q. Although there are infinitely many fractions corresponding to a 2-bridge knot, the next theorem guarantees that we can start from any fraction. Theorem 2.3. Let K be a 2-bridge knot. If the reduction in Theorem 2.2 yields a length n expansion, then n is the minimal length of all expansions of all fractions corresponding to K.
The next theorem is the key to determine whether a fraction p/q admits a shortest expansion of odd type. Theorem 2.4. Two shortest expansions for p/q are deformed to each other by a finite repetition of the following, where ε = ±1:
Theorem 2.5. Let K = S(q, p) be a 2-bridge knot. If a shortest expansion of p/q obtained by Theorem 2.2 contains an odd coefficient or ±2, then γ(K) = n, otherwise γ(K) = n + 1, where n is the length of the expansion.
Remark that if there is a coefficient ±2 in an expansion with only even coefficients, then we can apply Theorem 2.4 to obtain an expansion of odd type. Example 2.6. Let K = 6 1 in the knot table (see [10] ). It is the 2-bridge knot S(9, 2). Then 2/9 = [5, 2] . Thus γ(K) = 2 by Theorem 2.5.
It is known that any 2-bridge knot K has a unique expansion of even type modulo integer parts, and the length of which equals 2g(K). As a direct corollary to Theorem 2.5, we can completely characterize those 2-bridge knots satisfying the equality γ(K) = 2g(K) + 1.
Corollary 2.7. For a 2-bridge knot K, the equality γ(K) = 2g(K) + 1 holds if and only if there is no coefficient ±2 in the (unique) expansion for K containing only even coefficients. Some minimal genus non-orientable surfaces for 2-bridge knots are boundaryincompressible, but others boundary-compressible, and some 2-bridge knots have several such surfaces. This makes a strong contrast to the case of torus knots, where minimal genus non-orientable spanning surfaces are boundary-incompressible and even unique [11] .
By the theorems above, we can characterize 2-bridge knots with boundarycompressible minimal genus non-orientable spanning surfaces. It is unknown whether Corollary 2.10 below generalizes to all knots. Theorem 2.9. Let K = S(q, p) be a 2-bridge knot, and C the set of shortest expansions for p/q. Then we have:
(1) C contains an expansion of odd type if and only if any minimal genus nonorientable spanning surface for K is boundary-incompressible. (2) C contains no expansion of odd type if and only if any minimal genus nonorientable spanning surface for K is boundary-compressible.
The following is immediate from Theorem 2.9.
Corollary 2.10. A 2-bridge knot never has two minimal genus non-orientable spanning surfaces such that one is boundary-incompressible and the other is boundarycompressible.
In Section 4, we give an algorithm to visualize a minimal genus non-orientable spanning surface for 2-bridge knots.
Theorem 2.11. Any 2-bridge knot K has a Conway diagram D such that a minimal genus non-orientable spanning surface for K is obtained as a checker-board surface on D.
Example 2.12. We note that such diagrams are not unique and not shortest in general. Let K = S(15, 4) as in Example 2.8 with γ(K) = 3. Then the Conway diagrams [2, 1, 5, −1, 3] and [4, 1, 1, 1, 4] representing K respectively yield a desired surface as a checker-board surface. It is interesting to confirm Theorem 2.1(2) for these surfaces.
Proof of Theorem 2.1
Let K be a 2-bridge knot with a minimal genus non-orientable spanning surface F . Let E(K) = S 3 − Int N (K) be its exterior. Then F ∩ N (K) can be assumed to be a collar neighborhood of ∂F in F , and hence we will use the same notation F for F ∩ E(K).
Proof. Assume not. Let D be a compressing disk for F . Then ∂D is an orientationpreserving loop on F . Let F ′ be the resulting surface from F by compressing along
This contradicts the minimality of β 1 (F ). If F ′ is connected and non-orientable, then
′ is connected and orientable. This means that F ′ is a Seifert surface for K. Then adding a small half-twisted band to F ′ gives a non-orientable spanning surface R for K with
Proof of Theorem 2.1.
be an expansion of odd type of some fraction p/q for K. We assume that the length n is minimal among all expansions of odd type of all fractions for K. The surface obtained by plumbing n bands corresponding to this expansion in the usual way gives a non-orientable spanning surface for K with the first betti number n. Thus γ(K) ≤ n.
The argument to show n ≤ γ(K) is divided into two cases according to the boundary-incompressibility of a minimal genus non-orientable spanning surface F .
First assume that K has a minimal genus non-orientable spanning surface F which is boundary-incompressible. Then it is isotopic to one of the surfaces obtained by plumbing k bands corresponding to some expansion s + [a 1 , a 2 , . . . , a k ] of some fraction for K with s ∈ Z and |a i | ≥ 2 for each i by [7, Theorem 1(b) ]. Hence γ(K) = k. Since F is non-orientable, this expansion s + [a 1 , a 2 , . . . , a k ] must be of odd type. Thus n ≤ k by the minimality of n, and hence we have n ≤ γ(K).
Next, assume that any minimal genus non-orientable spanning surface F for K is boundary-compressible. Let D be a boundary-compressing disk such that ∂D = α ∪ β, where D ∩ F = α is a properly embedded essential arc in F and D ∩ ∂E(K) = β. Then β intersects ∂F in two points. If these two points have distinct signs (after orienting β and ∂F suitably), then β and a subarc of ∂F bound a disk δ in ∂E(K). Thus D ∪ δ, pushed away from ∂E(K) slightly, gives a compressing disk for F , which contradicts Lemma 3.1. Hence β intersects ∂F twice in the same direction. Let F 1 be the surface obtained by boundary-compressing F along D. From the above observation, F 1 is a connected surface with connected boundary. Also, we see
If F 1 is orientable, then it is boundary-incompressible. (Any orientable incompressible surface in E(K) is boundary-incompressible if it has a connected boundary.) If F 1 is non-orientable and boundary-compressible, we continue a boundarycompression. Thus for some ℓ > 0 we have a sequence of incompressible surfaces
. . , ℓ and F ℓ is boundary-incompressible. By [7, Proposition 2] , ∂F ℓ runs once longitudinally on ∂E(K).
If F ℓ is orientable, then it has minimal genus [7, Corollary] . Note that
Thus we have n ≤ γ(K), and so γ(K) = n and ℓ = 1.
If F ℓ is non-orientable, then F ℓ is isotopic to some surface obtained by plumbing k bands and n ≤ k as before. Since
Thus such a case never occurs.
(2) If a minimal genus non-orientable spanning surface F is boundary-compressible, then the above argument shows that boundary-compressing F gives a minimal genus Seifert surface Q for K. Then F is obtained from Q ⊂ E(K) by attaching a band 
The next theorem gives a criterion for a shortest edge-path in terms of depths. Conversely, since d(v n ) = n, any edge-path from 1/0 to p/q has length at least n + 1 by Lemma 4.1. Thus we can conclude that ξ is shortest. First, suppose that S contains i − 1, i, i − 1 as a subsequence. Then we can see that there is a triangle of Figure 4 (1) such that ξ runs along the shorter two edges. This means that some coefficient b j is ±1, a contradiction.
If S contains 0, 0, then b 1 = ±1, a contradiction. Thus S contains i − 1, i, i, . . . , i (i is repeated k (≥ 2) times) for some i ≥ 1. We choose i minimal among such subsequences of S.
Let u 1 and u 2 be the depth i vertices on ξ, appearing in the order u 2 , u 1 . We can suppose that the vertex before u 2 on ξ has depth i − 1. There is the unique triangle T 1 which contains the edge between u 1 and u 2 as one of two shorter edges. Without loss of generality, we can assume that T 1 has the form of Figure 4(3) . Let w 1 be the remaining vertex of T 1 . If u 2 is the child of {u 1 , w 1 }, then ξ contains the edges w 1 → u 2 → u 1 . Then some b j = −1, a contradiction. Hence u 1 is the child of {u 2 , w 1 }. Let T 2 be the (unique) triangle sharing the edge between u 2 and w 1 with T 1 , and let u 3 be the remaining vertex of T 2 . See Figure 5 (1) (2) Figure 6 .
Continuing this process, we obtain the triangles T 1 , T 2 , . . . , T 2i , where T 2m−1 is the form of Figure 4(3) , and T 2m is of Figure 4 (1). Also, T 1 has vertices {u 1 , u 2 , w 1 }, T 2m−1 (m ≥ 2) has vertices {w m−1 , w m , u m+1 }, and T 2m (m ≥ 1) has vertices {u m+1 , u m+2 , w m }, and
The path ξ contains the edges u i+2 → u i+1 → · · · → u 2 → u 1 . Since d(u i+2 ) = 0, u i+2 = v 0 . Then −2, −3, . . . , −3, −2 appears in the coefficients, a contradiction. (If T 1 has the form of Figure 4(2), then we encounter 1 or 2, 3, 3 , . . . , 3, 2 in the coefficients.) Lemma 4.3. Let p/q and p ′ /q ′ be two fractions for a 2-bridge knot K. Then there exists a one-to-one correspondence between the set of all expansions for p/q and that of p ′ /q ′ , such that the correspondence preserves both length and type of expansions.
Proof. Since both p/q and p ′ /q ′ represent the same knot, q = q ′ and (i) p ≡ p
Then for any expansion r + [a 1 , a 2 , . . . , a n ] of p/q, we can associate r − s + [a 1 , a 2 , . . . , a n ] of p ′ /q. Therefore, it suffices to establish a one-to-one correspondence only for p/q and p ′ /q lying between 0 and 1. Under such a restriction, suppose that pp ′ ≡ 1 (mod q). Then it is well known that if [a 1 , a 2 , . . . , a n ] = p/q then [a n , . . . , a 2 , a 1 ] = p ′ /q. Thus we can establish a required one-to-one correspondence.
Proof of Theorem 2.3. Let p/q be a fraction corresponding to K. Let n be the minimal length of an expansion of p/q obtained by the reduction of Theorem 2.2. If another fraction for K admits an expansion of length shorter than n, then p/q has an expansion of the same length by Lemma 4.3. This contradicts the minimality of n.
Next, we consider when there exists a shortest edge-path from 1/0 to p/q, which is of odd type. A rectangle in D is the union of two triangles sharing one edge. 
The deformation used in the proof of Lemma 4.4 is referred to as a rectangle move.
Proof of Theorem 2.4. Let 
Hence we consider only the case where
. Thus, ξ can be changed to ξ ′ gradually.
Proof of Theorem 2.5. If a shortest expansion of p/q obtained by Theorem 2.2 contains an odd coefficient, then γ(K) = n by Theorems 2.1 and 2.3. Let ξ be the corresponding edge-path and assume that ξ is of even type. If the expansion contains a coefficient ±2, then there is a rectangle in D containing two successive edges of ξ. Hence a rectangle move creates another shortest edge-path of odd type by Lemma 4.4. Then γ(K) = n as above. Otherwise ξ is the unique shortest edge-path from 1/0 to p/q by Theorem 2.4. If another fraction for K admits an expansion of odd type of length n, then p/q also admits an expansion of odd type of length n by Lemma 4.3. Thus there is no expansion of odd type of length n, and so γ(K) = n + 1.
Proof of Corollary 2.7. It is well known that even type expansions for a 2-bridge knot are unique modulo integer parts, and the length equals 2g(K). If the expansion does not contain ±2, then it is shortest by Theorem 2. Proof of Theorem 2.9. Let F be a minimal genus non-orientable spanning surface for K. By Lemma 3.1, F is incompressible.
First, assume that the minimal length n of expansions of all fractions for K is realized by an expansion of odd type.
If F is boundary-compressible, then boundary-compression yields a minimal genus Seifert surface S for K with β 1 (S) = β 1 (F ) − 1 as in the proof of Theorem 2.1. Note that S is isotopic to a plumbing surface corresponding to the unique expansion with only even coefficients. In particular, such expansion has length n − 1. This contradicts the minimality of n. Hence F is boundary-incompressible. (In this case F is isotopic to a plumbing surface by [7] .)
Next, assume that only expansions of even type realize the minimal length n. If F is boundary-incompressible, then F is isotopic to a plumbing surface which corresponds to some expansion of odd type, which has length k ≥ n + 1. Indeed, k = n + 1 by the minimality of β 1 (F ). If F corresponds to an expansion r + [b 1 , b 2 , . . . , b n+1 ], then |b i | ≥ 2 for each i by [7] . This expansion is not shortest, and hence the sequence b 1 , b 2 , . . . , b n+1 contains a subsequence 2ε, 3ε, . . . , 3ε, 2ε, ε = ±1, where the number of 3ε may be zero, by Theorem 2.2. But such expansion can be reduced as shown in Theorem 2.2. In particular, we have a shorter expansion of odd type, a contradiction. Thus F must be boundary-compressible. 
, which ends with a (γ+1)/2 + 1 (resp. 1) if γ is odd (resp. even). Then we have a desired Conway diagram with a checkerboard surface Figure 7 . Deformation of Conway diagram F with β(F ) = γ. We remark it is not preferable if a 1 − 1 = 0 or a (γ+1)/2 + 1 = 0. In that case, apply the following: Take the mirror image of K and thus change all the signs of C, apply the deformation in Figure 7 , and the take the mirror image again. Then we obtain a desired Conway diagram for K. (This modification works since C has at most one coefficient ±1 because of the minimality of γ.)
Examples
In [12] , it is proved that any positive integer can appear as the crosscap number of some pretzel knot. We can show that such examples can be found among 2-bridge knots.
As seen in Section 6, among 2-bridge knots up to 12 crossings, exactly 7 4 , 8 3 , 9 5 , 10 3 , 11a 343 , 11a 363 , 12a 1166 and 12a 1287 do not have a shortest expansion of odd type and hence satisfy the equality γ(K) = 2g(K) + 1. The next example also gives an infinite series of such 2-bridge knots, as a generalization of [8] . If m is odd and m ≥ 3, then this expansion is shortest by Theorem 2.2. Thus γ(K m,n ) = n by Theorem 2.5. Also, if m = m ′ , then K m,n and K m ′ ,n have distinct denominators, and hence they are not equivalent. Thus we have infinitely many 2-bridge knots K m,n with γ(K m,n ) = n for any n ≥ 1.
If m and n are even and m ≥ 4, n ≥ 2, then g(K m,n ) = n/2. By Corollary 2.7, γ(K m,n ) = n + 1. Also, distinct m's give distinct knots. Thus we have infinitely many 2-bridge knots K m,n satisfying the equality γ(K m,n ) = 2g(K m,n ) + 1.
The Murasugi sum of two minimal genus Seifert surfaces gives a minimal genus Seifert surface [6] . Finally, we give the examples of 2-bridge knots, showing that an analogous statement does not hold in non-orientable case. This is a generalization of Bessho's example [1] .
Example 5.2. For any odd integer m ≥ 3, let K m be the 2-bridge knot corresponding to [m, 2] . Then γ(K) = 2 and its minimal genus non-orientable spanning surface F is obtained by plumbing two bands with m and 2 half-twists respectively. Let R be the Murasugi sum of two copies F 1 and F 2 of F . Here, the plumbing disks are chosen to lie in the band with 2 half-twists of F 1 and in the band with 2 half-twists of F 2 . Then β 1 (R) = 4. But ∂R is the 2-bridge knot corresponding to
, it has crosscap number 3. Also, distinct m's give inequivalent knots. Thus the Murasugi sum of two minimal genus non-orientable spanning surfaces is not necessarily minimal genus.
Table
Here is the table of crosscap numbers of 362 2-bridge knots up to 12 crossings. The numbering of knots with 10 or less crossings follows that of [10] . For 11, 12 crossings knots, we have used Dowker-Thistlethwaite notation. The last column gives a minimal length subtractive continued fraction expansion of p/q. We chose them to be of odd type except for the ones (indicated by * ) where the shortest expansion is unique and of even type. We referred to [2] for 2-bridge knots up to 10 crossings, to [3] for those of 11 and 12 crossings, for which we also used a 3 [6, 6] 
